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Let X be a smooth complex variety. It was shown in [MSV] that the complex co- 
homology algebra H*{X) may be obtained as a cohomology of a certain vertex alge- 
bra H'^'^lx) canonically associated with X. By definition, H'=''{X) = H*{X;VLf), 
where 173^ is a sheaf of vertex superalgebras constructed in [MSV] . (If X is com- 
pact, then W^^^X) may be called the chiral Hodge cohomology algebra of X .) The 
algebra H'^^{X) is equipped with a canonical odd derivation Q of square zero, and 
the cohomology of H''^{X) with respect to Q is equal to H*{X). 

In the very interesting paper [B] Borisov defined for a toric complete intersection 
X a certain vertex superalgebra V{X) equipped with an odd derivation of square 
zero so that H'^^{X) equals the cohomology of V{X) with respect to this derivation. 
It follows that H*{X) may also be represented as the cohomology of V{X) with 
respect to another odd derivation d. 

Let X be a smooth complete toric variety. In the present note we include 
Borisov's algebra V{X) and its derivation d in a family (yq{X),dq) of vertex su- 
peralgebras with derivation, parametrized by g G H'^(X), so that the cohomology 
of Vq{X) with respect to dq is equal to the quantum cohomology algebra of X. 



In sect. 2.5 we present a simpler version of this construction in the case of 
d apply the deformation technique to compute H*{¥^; ilp^) 

We also get similar (partial) results for Fano hypersurfaces in . 



§1. Borisov's construction 

1.1. Lattice vertex algebras. Let L be a free abelian group on 2N generators 
1 < i < A^. Give L an integral lattice structure by defining a bilinear 
symmetric Z-valued form 

(.,.): L X L ^ Z 

so that 

{A\B') = {A\A^) = {B\B^) = 0. 
Introduce the complexification of L: 
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The bilinear form (., .) carries over to f)L by bilinearity. Let 

be a Lie algebra with bracket 

[x ® f , y (g) = i{x, y)6i+jK, [x (g) f, K] = 0. 

Associated with L there is a group algebra C[L] with basis e'*,a G L, and 
multipliciation 

e".e^ = e"+^, e" = 1, a,PeL. 

Denote by S^,^ the symmetric algebra of the space [)l ® t~^C[t~^]. The space 
S'l,^ (8) C[L] carries the well-known vertex algebra structure, see for example [K]. 
Borisov proposes to enlarge this lattice vertex algebra by fermions as follows. 

We tacitly assumed that 1)l is a purely even vector space: f)^^ = i)^^ = 0. 
Let nf)i satisfy the relations Ht)^^^ = ^^^^ = 0. Thus n()L is a purely odd 
vector space with basis carrying the following odd bilinear form: 

(, .) : nf)L X nf)L ^ c, 

= Sij, = ($^ = 0. 

Given all this, one defines the Clifford algebra, Clf,^ , to be the vector superspace 

cii,^ = nf)i c[t, t-^] e CK', ci':^l = nfj^ ® c[t, t-% cf^l = ck', 

with (super) bracket [x ^t^,y ^ t^] = {x, y)5i+jK'. 
Let A(,j. be the symmetric algebra of the superspace 

©^i(4'* (g c[t-i] © ® t-ic[t-i]. 

(If we had been allowed to forget about the parity, we would have equivalently 
defined Af,^ to be the exterior algebra of the indicated space.) The space A[,^ 
carries the well-known vertex algebra structure, see for example [K] . 

Finally let 

= Au^ (8)5„^ ®C[L]. 
Being a tensor product of vertex algebras, Vl is also a vertex algebra. 



3 



1.2. Explicit description of the vertex algebra structure on Vl- To simplify the 
notation, we identify C[I/] with the subspace 1®1®€,[L]. As an ^i, ©CZf,^ -module, 
Vl is a direct sum of irreducibles and there is one irreducible module, VL{a)^ for 
each a € L. VL{a) is freely generated by the supercommutative associative algebra 
St)^ (81 Afjj. from the highest weight vector e". The words "highest weight vector" 
mean that the following relations hold: 

Aj^e" = = Bie" = $t.+ie" = 0, n > 0, 



Ke" = K'e°' = e", are" = (a;,a)e", a; e f)L. 

Thus, VL{ot),a G L, are different as ()l © Ci|,j^-modules, but isomorphic as 
IjLiffiC'Zfi^-modules, where fji^ C f)/, is the subalgebra linearly spanned by a; ©i^z 
0, X e f]L. In fact, the multiplication by provides an isomorphism of^Li® Clt)L' 
modules: 

: VL{a) VL{a + /?), x (gi ^ x e"+^ . 

Let us now define the state-field correspondence, that is, attach a field x{z) £ 
End{VL){{z, z^^ j) to each state x G Vl- As has become customary, we shall write 
Xi for a; {x Gf)L or nfji,). We have: 

{x-n-ie''){z) = ^x{z)^^\ xei)L, 
ni 

where 

In particular, (a;_ie°)(^;) = x{z). 
We continue in the same vein: 

($i„e°)(z) = l4>X^)("), 

where 

(*^„_ie°)(z) = 

where 

e"(z) = e" • exp (- ^ — z"") ■ exp (- ^ — z"") • 

n<0 n>0 ^ 
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Finally, 

xLl • • • -xLl • e%z) =: (z)xLl (z) • • • xL^ (^)e"(z) : . 

The vertex algebra structure on Vl is equivalently described by the following 
family of n-th products (n G Z) : 

(„) : Vl (8> Vl ^ Vl, xiSiy^ a;(„)?/ ( y a;(2)2;")(y), 

where / x{z)z^ stands for the linear transformation of Vl equal to the coefficient 
of z~'^~^ in the series x{z). 

1.3. Degeneration oJVl- Denote by La the subgroup of L generated by j4% i = 
1, N. Any smooth toric variety X can be defined via a fan, S, that is, a collection 
of "cones" lying in La- Borisov uses such E to define a certain degeneration, Vj^, 
of the vertex algebra structure on Vl- He further shows that the cohomology of 
with respect to a certain differential : ^ equals H*{X, ), where 
Cl'x is the chiral de Rham complex of [MSV]. Let us describe the outcome of this 
construction in the case when X = P^. 

Consider the following set of TV + 1 elements of La- = ^^^1^2 = ^"^j ---,£,n = 

A'^,^N+i = -J^ - - Define the cone Aj c La to be the set of all 

non-negative integral linear combinations of the elements ^1, ^i+i, ...,^jv+i- 
It is easy to see that La = Ui A.; and the intersection A.; n A^ is a face of both A^ 
and Aj. The fan S in this case is the set consisting of Ai, AAr_|_i and their faces. 

We now define to be a vertex algebra equal to Vl as a vector space with n-th 
product as follows: 

if 'r>-i^\ Yji n'iA'} C A^ for some j, then 

(a; (g) • ™iS'+E ,n,A*^ ^^^^^ {y<S,e^' rnlB^+E 

otherwise 

where („) stands for the n-th product on Vl- The fact that these new operations 
satisfy the Borcherds identities can be proved by including both Vl and in a 
1-parameter family of vertex algebras; this will be done in 2.1. 

Let 

D=^^\z){e^'-e-^^^'){z)- (1.1) 

i=l 

It is obvious that D G End(V^) and D"^ = 0; therefore, the cohomology Hjj{V^) 
arises. 
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Theorem 1.3. ([B]) 



§2. Deforming iJ*(P^) 

2.1. The family VL,q. 

Here we exhibit a family of vertex algebras, VL,q-, g € C, so that V^.g is isomorphic 
to Vl if 9 7^ and Vl^o is isomorphic to V^; cf. the end of sect. 8 [B]. 

Define the height function 

ht : La Z> 

as follows. It is easy to see that each a G La is uniquely represented in the form 

N+l 

a = ^ rii^i (2.1) 

SO that all > and #{i : rii > 0} < N. Let 

ht{a) = y^^rij, 

i 

where ni, un are as in (2.1). 
Define the linear automorphism 

tg-.VL^VL, geC-{0} 

by the formula 

tg (a; * miB*+E < "i^' ) = qhtiT, irnA*)^ ^ ^■£.miB*+Y,. mA* _ 

Define V^^q to be the vertex algebra equal to Vi, as a vector space with the following 
n-th product: 

^ eE . m^B'+E ,n,A^) ^^^^^ (y ^ ^ 

By definition, 

h:VL,q-^VL. geC-{0}, 

is a vertex algebra isomorphism. It is also easy to see that if rijA* and ^ ■ n^^* 
belong to the same cone from S, then 

(x (g) . ™.B'+E . )(„)_g(y ® . . ) 

= (a; (g) gSi^i-BHE, "*^*)(„)(y (g, gSi^i^^+Si"*^*); 
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otherwise 

Two things follow at once: first, the operations 

{n),o = lim (n),q,nG Z 

are well defined and satisfy the Borcherds identities; second, the vertex algebra, 
Vl,o, obtained in this way is isomorphic to V^. By the way, this remark proves 
that is indeed a vertex algebra. 

To get a better feel for this kind of deformation, and for the future use, let us con- 
sider the subspace C[iA] c Vi.q with basis e", a G La- The (— l)-st product makes 
this space a commutative algebra. The subspace C[Aj] defined to be the linear span 
of e",a e Aj, is a polynomial ring on generators e^^-^ , e^^+S e^"+i . For 

example, if we denote Xi = , then C[AAr-|_i] = C[a;i, Xn] and this isomorphism 
identifies e^j with the monomial a;"^ • • • a;^". 

The entire C[-La] is not a polynomial ring. For example, as follows from the 
definition of the deformation, there is a relation 

because ht{0) = 0, ht{A^ + ■■■ + A^) = N, ht{-A^ A^) = 1. If we let 

T = e~"^ , then the last equality rewrites as follows: 

TxiX2 ■■■Xn = q^~^^, 

and a moment's thought shows that in fact 

C[La] = C[xi, ...,XN,T]/{TxiX2 ■■■XN- 9^^+'). 

Being a group algebra, C[La] carries another algebra structure, a priori different 

from the one we just described and independent of q. We see that the two structures 
are isomorphic if q ^ 0; at g = 0, however, the one we just described degenerates 
in an algebra with zero divizors. 

2.2. The algebra H*{¥^). 
Let 

j 

G{z) = B\z)¥{z), 

J{z) =: ^'{z)^'{z) : +J2B'{zy, 
j 

L{z) =: B\z)A\z) : + : ^\z)'¥{z) :, 
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where the summation with respect to repeated indices is assumed. 

One checks that the Fourier components of these 4 fields satsify the commutation 
relations of the N = 2 algebra. It is also easy to see that the fields G{z),L{z) 
commute with Borisov's differential D, see (1.1), and therefore define the fields, to 
be also denoted G{z),L{z), acting on Hn{V^). 

The fields Q{z),J{z) do not commute with D, but their Fourier components 
Qo = J Q{z) and Jo = / J{z) do: 

[Qo,D] = [Jo,D]=0. 

Thus we get 2 operators, to be also denoted Qo,Jo, acting on HuiV^). All this is 
summarized by saying that Hd{V^) is a topological vertex algebra. 

A glance at the formulas on p. 17 of [B] shows that the isomorphism Hd{V]^) = 
H*{V^,n^^^) (see Theorem 1.3) identifies these G{z),L{z),Qo,Jo with the fields 
(operators) constructed in [MSV] and denoted in the same way. One of the main 
results of [MSV] then gives 

H*{^'') = HQ,{Hn{Vl)). (2.2) 
Further, the algebra structure of ff*(P^) is restored from the (— l)-st product on 



2.3. Deformation of the algebra structure. 

It follows from the proof of Theorem 2.3 below that the cohomology (2.2) can 
be calculated in the reversed order: 

H*{^'')=HD{HQ,{y^)). (2.3) 

Note that D and Qo can also be regarded as well-defined operators acting on the 
deformed algebra: 

I?= /^M/X^)(e-^*-e-2.^^)(^),Qo= ( A\zW{z) : V^l,, - 14,,. 
1=1 

It is immediate to see that = Qg = on Vl,, as well. Moreover, 

[AQo]=0. (2.4) 
Indeed, the formulas of 1.2 imply the following OPE: 

2_^^\z){e^ -e ^ i ^ ){z) ■ A' {w)^\w) = — . 



Therefore, 
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Thus it is natural to take the space HD{HQg{VL,q)) for a deformation of iI*(P^). 
Theorem 2.3. 

Hn{HQ,{VL,,)) = C[T]/(T^+i - g^+i). 

Proof. 

1) Computation of HQg{VL,q)- By definition 

Qo = E^-"^n (2-5) 

Therefore, 

[Qo,^] = Ai [Qo,Go] = Lo. 

These relations imply that 

Hq,{Vl,,) = HQ,{njKerAi n KerLo). (2.6) 

It follows from 1.2 that the space (IjKerAQdKerLo is a linear span of elements 
of the form: 

Formula (2.5) shows that the restriction of Qo to this subspace is 0. Thus 

Hq^iPjKerA'Q n KerLo) = njKerAl n KctLq. 

The (— l)-st product makes this subspace a supercommutative algebra. In the same 
way as in 2.1 we get an isomorphism 

ATerA^ n KerLo = C[xi, xn, T; $i, ^n\/{Txi ■■■xn- g^+^), 

where $i,...,$Ar arc understood as grassman variables ([.t^.^j] = [T, S^j] = 0, 
+ = 0) and {Txf ■ ■ Xn — 1^^^) stands for the ideal generated by 

Txi---XN -q^+^. 

2) Computation of HD{HQg{VL,q))- In view of Step 1), we have to restrict D to 

DjKerA'Q n KerLo. 

The isomorphism 

DjKerAl n KerLo = C[xi, xn, T; $i, ^n]/{Txi ■■■xn- g^+^), 
identifies D with J^ii^i ~ T)d/d{^i). Therefore, the complex 

(C[xi, XN,T; $1, $jv]/(Ta;i • • • Xjv - q^+^), D) 
is simply the Koszul resolution of the algebra 

{C[xi, XN, T]/{Txi ---xn- q^+^)}/{xi -T,X2- T, xn - T) 
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associated with the sequence xi —T,X2 —T,...,xn —T. This sequence is regular 
and we get at once 

Hn{HQ,{VL,,)) = C[T]/(T^+i - g^+i). □ 

It is easy to infer from Borisov's proof of Theorem 1.3 that the element T = 
g-A A g ^ -g ^ cocycle representing the cohomology class proportional 
to that of a hyperplane in P^. This means that the deformation of H*{¥^) we 
obtained coincides with the standard one, except that for some reason q happened 
to be raised to the power of N. 

2.4. Reduction to a single differential. 

Of course it would be nicer to get H*{¥^), or its deformation, as the cohomology 
of this or that vertex algebra with respect to a single differential rather than to 
compute a repeated cohomology. 

Theorem 2.4. 

Hn+Q^VL,,)) = c[r]/(r^+i - q^+'). 

It is no wonder, in view of Theorem 2.3, that this assertion is a result of com- 
putation of a certain spectral sequence. We shall use several spectral sequences 
arising in the following situation, which is slightly different from the standard one. 
Let 

w = e+r-ooW^" 

be a graded vector space with two commuting differentials 

di : W ^ da : W . (2.7) 

There arise the total differential d = d\ + di and the cohomology H^^j^d^^W"). 
Note that this cohomology group is not graded since d\ and di map in opposite 
directions. We can, however, introduce the filtration 

Then 

and there arises a filtration Hd^+d^ (W^)-" on the cohomology and the graded object 

It is straightforward to define a spectral sequence 

{E{W)^,d^^^ : E{W)^ ^ E{W)r'^+'}, E(W)^^, ^ Hdir,(E(W)^), (2.8) 
the first three terms being as follows: 

E{W)'S = W^, E{W)'l = HdAW"), E{W)^ = Hd,{Hd,{W^)), (2.9) 
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where 



Ker{(i2 : Hd,{W^') ^ HdAW-^)} 



In the situation pertaining Theorem 2.4 we take VL,q for VF, Qo for di, and D 
for 6,2. The space VL,q is graded by fermionic charge; this grading is defined by 
letting the degree of be equal —1, the degree of be equal 1, the degree of 
Aj,Bj,e" be equal 0. By definition, 



and we get a spectral sequence {E{VL,q)rTd^^'^}. 

Observe that the grading by fermionic charge and the corresponding filtration 
are infinite in both directions. Therefore, the standard finitcness conditions that 
guarantee convergence of spectral sequences fail. Nevertheless the following lemma 
holds true. 

Lemma 2.4. The spectral sequence {-E(VL,g)", converges to -ffQo+cl^i.g) 
and collapses: 

HD{HQ^{VL,q)) = HQ+D{VL,q)- 

Lemma 2.4 combined with Theorem 2.3 gives Theorem 2.4 at once and it remains 
to prove Lemma 2.4. 

Proof of Lemma 2.4- Introduce yet another grading of the space as follows. 
Let a = (ai, ...,ajv+i) be an element of the group Z^+^. Let 

KJa] = (n,^ii^er(4 - atld)) n Ker{Lo - aN+Jd). 

Of course 

and both the differentials preserve this grading. Therefore all calculations can be 
carried out inside g[Q:] with a fixed a. Consider the following two cases. 

1) a ^ 0. In this case, as was observed in the beginnning of the proof of Theorem 
2.3 (see e.g. (2.6)), HQo{VL,q[a]) = and, therefore, E[a]i = 0. It remains to show 
that HQg+D{VL,q[oi\) = 0. Let x e ^^,^[0]-" be a cocycle. This means that there 
is a "chain" of elements a;, G Vi„g[a]"~^', i = 0,l, k so that 



k 



i=0 

and the following holds 

Qo{xo) = 0, Qo{xi+i) + D{xi) = 0, D{xk) =0,i = 0, k - 1. (2.10) 
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Wc now repeatedly use the condition HQg{VL,q[cx]) = and (2.10) to construct 
another chain yi e VL,q[a]^~^^~^ ,i > 0, satisfying 

QoiVo) = xo, QoiVi+i) + D{yi) = Xj+i. (2.11) 

Indeed, since Qo{xo) = 0, there is t/o € VL,g[a]"~^ so that Qo(yo) = xq. 
Since 

Qo{-D{yo) + xi) = DQoiyo) + Qo{xi) = D{xo) + Qoixi) = 0, 

there is yi e VL,q[a]"'~^ so that Qo{yi) + -D(j/o) = xi. 

In general, having found e yL,g[Q:]""^*"\ y^-i G VL,g[a]"~^'+^ so that (5o(2/i)+ 
D{yi-i) = Xi, we calculate as follows: 

= D{0) = DiQoiy,) + D{yi_^) - Xi) = DQo{yi) - D{x,). 

Due to (2.10), the last expression rewrites as DQo{yi) + Qo{xi+i) and we get 

-QoD{yi) + Qo{xi+i) = 0. 

Therefore, Qo{D{yi) -Xj+i) = and there is j/j+i so that Qo(t/i+i) = -D{yi) + 
Xi+\ as desired. 

Formally, (2.11) means that 

oo 

{D + Qo){Y,yi)=x 

i=0 

and what does not allow us to conclude immediately that x — X^i^o Xi is a cobound- 
ary is that the sum X^^q yi looks infinite. To complete case 1) it remains to show 
that t/i = for all sufficiently large i. This is achieved by the following dimensional 
argument. Note that by construction 

Vi G ®\m,\<u{S^. ® A^;2i-i ^ -.B^)^ (2.12) 

where fc is a number independent of i. Indeed, each application of D changes rrij 
by at most 1, Qo preserves m^, and the linear estimate of nij follows. On the other 
hand we have an explicit formula for Lq (see the beginning of 2.2), and this formula 
implies that the smallest eigenvalue of Lq restricted to K^~'^^~^ is nonnegative and 
grows faster than a polynomial of degree 2, say q{i), as i — > +oo. The same formula 
gives 

j 

Therefore, if j/j ^ 0, then it is a sum of eigenvectors associated to eigenvalues of Lq 

greater or equal q{i) — {ai H a„)A:i. Since this number tends to +oo as i — > +oo, 

we arrive at contradiction with the assumption Lo2/i = OiN+i if i is sufficiently large. 
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Hence, yi = for all sufficiently large i, each cocycle is a coboundary, and case 1) 
is accomplished. 

2) a = 0. As we saw in the beginning of the proof of Theorem 2.3, the restriction 
of Qo to Vl q[0] is and, by definition, the complex {Vl q[0],D + Qo) is equal to 
(^(Vl,,)[0]i',rf(i)). □ 

2.5. The vertex algebra HD{VL,q) and a computation of H*{F^ jQp'i,). 

In this section we prove the following two theorems. 

Theorem 2.5A Ifq^O, then HoiVL^q) equals the quantum cohomology ofF^. 

Theorem 2.5B The natural embedding of sheaves ([MSV], see also (2.20) below) 

o* Cl'^^ 

provides an isomorphism 

where CI^n is the sheaf of all differential forms. 

Recall the previously known results on the cohomology of fip^M • is a sheaf 
of .sZjv+i-modules [MSI], see also 2.5.2. In particular, if Uq = C is a big 
cell, then r{Uo,n^ n) is a generalized Wakimoto module over s/jv+i introduced in 
[FF]. We proved in [MSI] that 

H°{ip^,nf^) = r(c/o,o^^)'"*, (2.13) 

where T{Uo, fipw)*"* stands for the maximal sZjv+i-integrable submodule of r(C/o, f^pw)- 
On the other hand, it follows from the chiral Serre duality [MS2] that 

H''{F'',n^pi)=H°{¥^,n^Jhf, (2.14) 

where stands for the restricted dual. 

Unfortunately, little is known about the structure of r(f/o, J^pw) and T{Uo, fipw)*"*, 
if iV > 1; see, however, [MSI] for the case of iV = 1. Otherwise, Theorem 2.5 and 
(2.13-14) give a complete description of H*{F^, 

The proofs of Theorems 2.5A and B are contained in 2.5.2. In 2.5.1 we collect 

some well-known material in order to place these results in the proper context and 
to formulate (2.18-19), two well-known assertions needed in 2.5.2. 

2.5.1 A vertex algebra structure on a vector space V comprises a countable 
family of multiplications: 

(„) : F O F -> V, a; 2/ a;(„)y, n G Z, 
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a map 

and a vacuum vector 

These data satisfy the Borcherds identities which imply, in particular, that T and 
a;(o), a; G V, are derivations of the n-th product for all n. Thus, 

[T,yu)] = iTy){j), [x{o),yu)] = {x{o)y)u)- (2-i5) 

In the case of the vertex algebra VL,q, the n-th multiplication was defined in the 
end of 1.2, 1 equals e°, and T will be defined below. 

Call V commutative (or holomorphic, see [K] 1.4) if („) = for all n > 0. If is 
commutative, then the (-l)-st multiplication gives it the structure of a commutative 
superalgebra with derivation T, and the functor arising in this way is an equivalence 
of the category of commutative vertex algebras and the category of commutative 
superalgebras with derivation, see again [K] 1.4. 

If dx ■.V^Visa. differential {cf = 0), then the cohomology H4^{V) arises. We 
assert that 

dx = a;(o) for some x €V => H4^{V) is a vertex algebra, (2-16) 

since all products on V descend to Hd^iV) due to (2.15). 

All vertex algebras we are concerned with are conformal. This means that there is 
a Virasoro field L{z) ~ LiZ~'^~'^, Li G End{V), such that Li satisfy the Virasoro 
commutation relations, T = Lq is diagonalizable, and L{z) is the field attached 
to the state L_2l S V. The formula at the beginning of 2.2 shows that VL,g is a 
conformal vertex algebra, the state L_2l being equal to X^^(-B!_j^!_j +$!_j'J'!_j)e°. 

The eigenvalues of Lq arc called conformal weights. Hence a conformal vertex 
algebra V is graded by conformal weights, V = ©nl^n and in the case of ^ = VL,q 
this grading (but not the name) has already been used in the proofs of Theorems 
2.3 and 2.4. 

Returning to the cohomology vertex algebra Hd^{V) in the case when V is con- 
formal and X is an eigenvector of Lq, we see that 

i_2l e Kerdx =^ Hd^{V) is conformal, (2-17) 

L_2l € Imdx Hd^{V) is commutative. (2-18) 

Indeed, if i_2l S Kerdx, then the operators Li G End{V) descend to H^xiV) 
due to (2.15). If, in addition, L_2l = d^iy), then all L^'s act on Hci^{V) trivially 
again due to (2.15). Hence Lq acts on iJ^x C^^) trivially, each element of {V) is 
represented by a cocycle of conformal weight 0, and the n-th product on Ha-^ {V) 
vanishes unless n = — 1. 

If a; e Vi, then dx{Vn) C Vn for all n, and (2.18) can be sharpened as follows: 
L_2l e Imdx and xeV-i^ Ha^ {V) = Ha^ (Vq). (2.19) 



T:V ^V, 

lev. 
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In our previous work ([MSV], [MSI], [MS2]) we have dealt with conformal vertex 
algebras having the following properties: all conformal weights are nonnegative; 
the conformal weight component is a finitely generated supercommutative ring 
and the corresponding multiplication coincides with the restriction of the (-l)st 
multiplication. For example, Q."^ is a sheaf of such vertex algebras over a smooth 
manifold X: the conformal weight component of r(C/, fi3f ) the algebra of 
differential forms over U c X. In other words, there is a natural embedding 

n*x ^ nf o c nf, (2.20) 

and it is this embedding that was invoked in Theorem 2.5B. 

H* {X, f2p5i ) is also a vertex algebra of this kind because its conformal weight 
component equals the cohomology algebra H*{X). It is, therefore, natural to 
ask if there is a conformal vortex algebra with nonnegative conformal weights so 
that the (-l)-st multiplication identifies its conformal weight component with the 
quantum cohomology of X. 

The quantum cohomology itself is one such vertex algebra due to the equivalence 

of categories reviewed above. A more appealing possibility seems to be provided 
by HD{VL,q)'- it is a vertex algebra due to (2.16) because (1.1) is equivalent to 

N 

^ = E(*-i(«^'-^"^^^'))(0)' (2-21) 

i=l 

and it is conformal because, as one easily checks, D{L-2e^) = 0. 

Even though Theorem 2. 5 A says that in this way we do not get anything new 

either, it allows us to observe a curious phenomenon: H]j(VL.q), g G C, is a family 
of vertex algebras over C with fiber that equals H*{P^) over any non-zero point and 
blows up to the non-commutative infinite dimensional vertex algebra H*{F^, Op^) 
over e C. 

Rather unexpectedly. Theorem 2.5B turns out to be a by-product of the proof 
of Theorem 2. 5 A. 



2.5.2 Proof Theorems 2. 5 A and B. 

By definition, the complex {VL,q,D) is the constant vector space Vl with dif- 
ferential D polynomially depending on q G C To make this more precise, observe 
that Vl is graded by the function ht defined in 2.1: 

Vl = ®n>oVE, (2.22) 

where is a hnear span of a; '"i^'+Si "s^* with ht{'^^niA^) = n. The 
differential D then breaks in a sum 

D = d+ + q'^d-, (2.23a) 



so that 



d+{VE) c 



(2.236) 
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d.{VE)cV]^-'', (2.23c) 

and 

{d+f = {d-f = [d+,d-] = 0. (2.23d) 

Again by definition, the complex (Vl, d+) coincides with Borisov's complex (V^, D). 
It follows from formulas (2.23a-d) and Theorem 1.3 that there is a spectral sequence 
of the same type as (2.8), the 1st term and the 1st differential being as follows 

Ei= H*{f^ (2.24) 

:if*(P^,f7^^) ^i?*(P^,f7^^), 
d_(JJ"(P^,fi^^)) C F"-^(P^,fi^^). (2.25) 
Simply because dimP^ = A'', the 2nd term equals 

//"(p^'.o':,';-) 

lm{d- : HN{^N^^ch-) ^ £ro(P^,fi^^)} 

eKer{rf_ : H^{¥^,nf^) ^ H°(P^,fi^^)} © ©.^"^ ^ if ^P^ , fl^^ ) , 

and all higher differentials vanish. An argument similar to (and simpler than) the 
one used in the proof of Lemma 2.4 shows that this spectral sequence converges to 
HD{VL,g). Therefore 

HD{VL,g) 

^ g°(p^,o^^) 

©Ker{d_ :ff^(P^,f]^^) ^if°(P^,0^^)}©©,^-iH*(P^,r!^^). (2.26) 

Lemma 2.6. There is y € H^{¥^, n^>i,) such that d-{y) € H°{¥^, n^i) equals 
the Virasoro element L-2&^ ■ 

This lemma allows us to complete the proof of Theorems 2. 5 A and B instan- 
taneously. Our differentials come from elements of Vl of conformal weight 1, 
see (2.21); hence, due to Lemma 2.6, (2.18) and (2.19) apply: HoiVL^q) equals 
HD{iyL,q)o), which is known (Theorem 2.4) to be equal to the quantum cohomol- 
ogy. In particular, as follows from (2.26), 

H\¥'',%%) = (fi^^)o), 0<i<N, 

the latter space being canoncally isomorphic to ii*(P^, fipw) due to (2.20). Thus 
it remains to prove Lemma 2.6. 

Proof of Lemma 2.6 To find an appropriate y G {F^ and calculate 
d-{y) we need to take a plunge in [MSV,B]. 

Let : : • • • : a;^ be homogeneous coordinates on P^ and 6' = x^/x^. 
Consider the A^-dimensional torus = SpecC[(6i)±\ (6^)=^^] C P^. 



16 

We shall need the following facts about the sheaf Op^ • 
First, 

r(T^,fi^) = C[(6j,)±\6}_i,a}_i;0},^]_i;l < i<N,j< 0], (2.27) 

where 6*,a*_]^ are even, odd. 

By letting deg.Tj = — j, x = b,a,(f> or we recover the grading by conformal 
weight. By letting deg6^ — dega* = 0, deg0* = 1, deg?/^j = — 1 we get another 
grading, that by fermionic charge. Therefore, T{T^ is bigraded and this 
bigrading extends to the entire sheaf: 

nch _ m+oo £c,+oo r)ch,m in r)o\ 

Next, we discuss "tensor" properties oi^f^. We identify r(T^, with r(T^, 17^^)o 
by identifying V with ftg and dV" with ^g. This identification extends to the iso- 
morphism (2.20). 

The structure of higher conformal weight components is more complicated, but 
here is what we can say about the component of conformal weight 1. Consider the 
following elements of r(T^, ^ffy 

Bij = bl'al-,^ + cl>lr'^'-~,' (2.29a) 
eij = ati\ j 1 (2.296) 

N N 

1=1 1=1 

N 

-E^o4"V-i, (2.29c) 
1=1 

It was checked in [MSI] III that these elements come from i/"(P^, 17^^'° ) C 

r(T^, ilp^'^j^) and that the Fourier components of the corresponding fields span a Lie 

subalgebra of End(r2p^) isomorphic to the loop algebra Ls/jv+i = sZjv+i<8)C[t, t~^]. 
Therefore, 

LsIn+1 ^ End{n^'i,), (2.30a) 

so that 

sIn+1 H^iF^, nf/^), E,, ^ . (2.306) 

is a morphism of s/jv+i-modules, where Eij, i ^ j, I < i,j < N + 1 are the 
standard generators of s/jv+i, and sZjv+i operates on H^{F'^ by means of 
the composite map s/jv+i — — > sZjv+i <8) 1 C sZjv+i 

Elements (2.29a-c) have fermionic charge 0. For the fermionic charge A'' + 1 
component there is an isomorphism: 



17 



Over it is defined by the assignment 

fi{b\ 6^)rf6' ® {db^ Adb^A---A db"") ^ fi{bl, b^)^t,<l)l4 ■■■<f>^, 

/.(&\...,6^)cC[(5i)±i,...,(6^)±i]. 
Isomorphism (2.31) induces the isomorphism 

if^(P^,Oj. ® ^ //^(P^,0^^'^+i). (2.32) 

By the Serre duaUty, 

7?^(P^,f}i« 0f}^„) ^i?0(P^,T)*, (2.33) 

where T is the tangent sheaf. The Lie algebra sZjv+i operates on P^, therefore there 
arises the map sIn+i — * i?°(P^,T)*, which is well known to be an isomorphism. 
Hence, (2.33) combined with (2.32) rewrites as follows 

if~(P^,<W;i+')^s;^+i. (2.34) 

This map is an isomorphism of s^Ar+i-modules, and it is not hard to find a Cech 
cochain representing a highest weight vector of i?^(P^, r2p^'^^^)i, that is, a non- 
zero vector V satisfying 

EijV = 0, i < j. (2.35) 

If we denote by Ui the open subset of P^ satisfying Xi ^ 0, then {Uo, Un) is an 
affine cover of P^, so that = J7o n [/i n ... n [7^. The iV-th term of the Cech 
complex equals, therefore, r(T^,f2pN), and it is an exercise to check that 

{hl)-\bl)-' ■ ■ ■ {h^-')-\b^)-^Um • • • (2.36) 

represents a highest weight vector of iV^ 

Observe that another copy of slj^^i we have discovered earlier has eiAr+i for its 
highest weight vector, see (2. 29b, 2. 30). The assertion crucial for our proof is that 
d- sends one highest weight vector to another: 

d.{{bl)-X)-' ■ ■ ■ b^TXy'^-i^ ■ ■ ■ O = ei^+i G H\V\ 

(2.37) 

Lemma 2.6 follows from (2.37) easily. To explain this implication we have to digress 
on elementary representation theory of Lsl^+i- 



Consider the decomposition 

LsIn+1 = L-sIn+1 ® sIn+1 ® L+sIn+i, 

where 

L±sIn+i = t^^C[t^^]. 

Let i>sZjv+i = sZjv+i ® i+s/AT+i- Any s/jv+i-module becomes an L>sZjv+i-inodule 
if the action of s/jv+i is extended to the entire L>sIn+i by the requirement L+s/jv+i ^ 
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0. Therefore for any sZjv+i-module U there arises the Weyl module, denoted 
and defined as foUows: 

W[/ = Indf"'"+' U. 

The Weyl module induced from the trivial representation, Wc, is well-known to 
be a conformal vertex algebra due to [FZ], see also [K] 4.7. Therefore, it has 
vacuum vector, 1, and Virasoro clement, 1. Other Weyl modules arc modules 
over Wc. This means, in particular, that Fourier components L"^-^ act on Weyl 
modules. The action of Lq^-^ is diagonalizable and defines a grading on each Weyl 
module also called the grading by conformal weight. The aim of this digression was 
to formulate the following well-known (and easily derived from the Kac-Kazhdan 
equations) assertion: 

I C Wsifj+i is a proper isZjv+i-submodule => / n {Wsif,+i)2 = {0}, (2.38) 

where Wsi„_^^ stands for the Weyl module induced from the adjoint representation, 
and (Ws(;y_^i)2 is its conformal weight 2 component. 

Return to the proof of Lemma 2.6. Due to (2.30a), W{V'^, n^T') is an LsIn+1- 
module for all i and m. The component /f^(P^, Op^^^^) is an L>sZjv+i-inodule 
isomorphic to sijv+i, see (2.34), on which i+sZjv+i acts trivially because H'^{F'^ , flpw^^) = 
for all TO < 1. By the imiversality property of induced modules, Wsi^^.^i maps 
onto the Ls^w+i-submodulc of i/^(P^, 17,^'^+^) generated by i?^(P^, f}p^'^+^). 
Denote this submodule W.si^^^j. 

Similarly, H°{V^,n^;^") is an Ls^jv+i-module, and the Ls?Ar+i-submodule gen- 
erated by 1 is a quotient of Wc- This quotient contains yet another submodule, 

the one generated by sIn+i ^ H^{¥'^ ,fl^%)i, see (2.30b), to be denoted Wsijsr+i- 
This submodule, again for the same reason, is a quotient oiWsijsr+i- By definition, 

the above mentioned Virasoro element L°i^/l belongs to (Ws;„_^i)2 

We are practically done. It is easy to derive from [B] that 

d- : F^(P^,0;^'^+^) ^ ifO(P^,0;^'°) 

is an isijv+i-morphism. Equality (2.37) then means that (i_(Ws(„_^i) C "WsIn+i 
is non-zero, and is therefore a quotient of Wgi^^i by a proper submodule. Due to 
(2.38) _ 

(d_(W«;„^J)2 = (W,,,+j2 = (W«,„+j2. 

Hence L"^/^ e rf_(Ws;^_^J. To complete the proof of Lemma 2.6 it remains to 
check that the affine Virasoro element, L"^/^, coincides with L_2l and this is easy. 

Finally we have to prove (2.37). The difficulty with computation of 
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lies in that the operator d- is defined in terms of the vertex algebra Vl, while 
is an element of r(T'^, Qp^). The vertex algebra embedding 

an important ingredient of Borisov's proof of Theorem 1.3, is determined by the 
rules 

(6i)± ^ e±^\0?, ^ %e^\i'U ^ *-ie-^", (2.39a) 
a'li ^ ^Lie-^' - ^i^'_-^e-^\ (2.396) 
x^X ^ L_ix 1-^ L_iX, (2.39c) 
xi-^X,yi-^Y ^ a;(_i)y (2.39rf) 

These rules imply 

ib'or'ibi)-' ■ ■ ■ {hr'r\b^)-'^'-.m • • • - e-^"$^,$j$2 . . . 

It follows from Borisov's proof of Theorem 1.3 that an element of Vl representing 

the clSiSS of 

{bl)-\bl)-' . ■ . {hr')-\b^)-^^_,<^l4>l ■■■<^^ 

can be chosen to be equal to 

(W_ie )(o)iw_i e )(o)---(w_ie )(o)e <E>_i$o*o ' ' ' • 

The formulas of 1.1-2 imply that (^'!_ie^')(o), I < i < N — 1, simply erases $o- 
Hence 

(w_i e )(o)(w_i e )(o)---(w_ie )(o)e O_i4>o^o---^o 

The calculation of the last operation is a little more tedious, but also straightfor- 
ward; the result is this: 

(*^ie^")(0)($^i$^e-^"+^'+^'+-^""') 

- + + i$^(A^i)")e-^"+^'+^'+-^". (2.40) 

To complete our calculation we have to apply d- to this element. Observe that this 
element comes from the interior of the cone spanned by A^, and has height 
A^. It follows from the definition of the spectral sequence and (1.1) or (2.21) that 
on this element d- equals 
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Indeed, it is precisely the component of Borisov's differential (1.1) that decreases 
the height of the element (2.40). (By the way, it decreases it by A'", which explains 
the assertion (2.23c).) Another calculation similar to those performed shows that 

-((*^ + + • • • + *^i)e-^^-^=--^")(o). 
sends the element (2.40) to 

According to (2.39b), the latter element corresponds to and hence to eijv+i, 
see (2.29b), as desired. □ 

§3. Deforming cohomology algebras of hypersurfaces in projective spaces 



Let £ ^ be a degree -n < line bundle, C* its dual, s G T{f^ ,C*) a 

global section so that its zero locus Z{s) C P^ is a smooth hypersurface. The way 
Borisov calculates the cohomology of the chiral de Rham complex over Z{s) is as 
follows. 

Extend the lattice {L, (., .)) introduced in 1.1 to the lattice (L, (., .)) so that 
L = L® 'LA'' e ZB", (A", B") = 1, (A", L) = 0, (B", L) = 0. 

There arises the corresponding lattice vertex algebra Vj^. Observe that any 
subset L' C L closed under addition gives rise to the vertex subalgebra Vl' C Vl 
generated hy f)^ and Cl^ from the highest weight vectors 6^^,(3 G L'; see 1.1-1.2. In 
our geometric situation let L„ be the span of (i = 1, ...,N), with arbitrary 

integral coefficients and {i = 1, ...,N), A^, nA^ — A^ with nonnegative 

integral coefficients. 

The vertex algebra V^^ affords a degeneration, V? , and includes in a family, 

^, q € C, in the same way the algebra Vl did, see 1.3, 2.1. To construct , 

consider the following N+1 elements of L : = ^^)'?2 = A"^, .■.,£,n = ^''^jCjv+i = 
nA^ — A^ — — ■ ■ ■ — A'^ . Define the cone Aj to be the set of all non- negative 
integral linear combinations of the elements ^i, ...,^Ar+i,^" and let 

S = {Ai, Ajv+i}. The vertex algebra V? is now defined by repeating word for 

word the definition of in 1.3. 

Similarly, the family ^, q ^ 0, is defined by repeating word for word the 
definition of VL,q in 2.1. This family extends "analytically" tog = Oifn<iV + l 
and we again obtain an isomorphism 

Fl,o = V? ifn<iV + l. (3.1) 
(The condition n < N +1 will be clarified below.) 
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Borisov's differential is as follows: 

D= / {^*^(2)(e^" -e"^"-2.^')(z) + *"(z)(ne"^"-2.^' -e^")(z)}. (3.2a) 

(For the future use let us note that the right hand side of this equality can be 
rewritten as a sum over lattice points: 

„ N+l 

D= /{^M/«-(^)e«-(z)-*«(^)e^"(^)}, (3.26) 

i=l 

where {i< N) and f^-^'+i = n*" - Ylj *^-) 

It is obvious that D e End(V^ ^) and — 0; therefore there arise the coho- 
mology groups Hd{Vi^^^) and Hd{V]^) = Hd{Vi^ q). 

Theorem 3.1. ([B]) 

HD{Vl) = H*{C,nf). 

Borisov proposes to calculate the chiral de Rham complex over the hypersurface 
Z{s) C by means of a certain Koszul-type resolution of the complex ■ The 
combinatorial data that determine s S r(P^, £*) consists of the finite set 

JV 

A* = {/3 = B" + ^ UjBi s.t. {13, ^i) > 0, i = 1, 2, N + 1}, (3.3) 
and a function 

g:A*-^Z>. (3.4) 

Define 

Kg=Yl [ 5(/3)^''We^W> (3-5) 
/3eA* 

where = + J2j nj^^ provided (3 = + J2j njB^. It is easy to see that 
Kg€End{V^^J, K'^=0,[K„D]=0. 

Therefore, there arise the cohomology groups Hu+KgiVi^ g) and Hjj+Kg{V^ ) = 

-H"d+k,(V£^ „). 

Theorem 3.2. ([B]) 

All the vertex algebras in sight being topological (see the beginning of 2.2), 
Theorem 3.2 and the main result of [MSV] give 



H*{Z{s))=HQ,{Hn+KAVl)), 



(3.6a) 



22 



or, equivalently, 

H*{Zis))=HD+K,iVl)o, (3.66) 
where Hn+Kg {V^ )o stands for the kernel of Lq. 
This prompts the following 

Conjecture 3.3. // n < N + 1, then the algebra Hn+KgiVi^ is isomorphic 

to the quantum cohomology algebra ofZ{s). 

Unfortunately we do not have a proof of this conjecture; we cannot even prove 
that Ho+KgiVi^ g)o is a deformation of H*{Z{s)). What we know is collected in 
the following 

Proposition 3.4. (i) The elements"'^ satisfies 
{D + K,){e^^^-^^^') = 0, 

and, therefore, determines an element of Hn+KgiVi^ g)o for all q. If q = 0, then 
this element, considered as an element of H*(Z{s)) (see (3.6b)), is proportional to 

the cohom,ology class of a hyperplane section. 

(ii) Due to (i), e""^ ^^j'^^ generates a subalgebra of Ho+KgiVi^ g)o to be de- 
noted Aq . This subalgebra is a deformation of Ao • 

(Hi) If Z{s) is a hyperplane (i.e. n = 1), then Conjecture 3.3 is correct. 

(iv) If Z{s) is a non- degenerate quadric in P^, then Ho+Kg {V^ is isomorphic 
to C[x,y]/{x'^ — — 1).. Hence Conjecture 3.3 is true in this case. 

Since these results are by no means complete, we shall confine ourselves to sketch- 
ing a proof of Proposition 3.4. The first part of assertion (i) is a result of the ob- 
vious calculation using the formulas of 1.1-1.2. The fact that at q = the element 
-T,jA^ -g proportional to the cohomology class of a hyperplane section follows 
from Borisov's proof of Theorem 3.2; this observation is completely analogous to 
the one made in the end of 2.3. 

To prove (ii) observe that we have a constant family of vector spaces ^, 
(7 G C, with differential D + Kg depending on q. At q = the complex {Vj^ g' + 
Kg) degenerates in Borisov's complex (V? ,D + Kg). As it always happens in 
situations of this kind, the differential d = D + Kg breaks in a sum d = d- (q) + 
d+ so that [d-{q), d+] = 0, d-{0) = 0, and d+ equals Borisov's differential on 
V? . There arises a spectral sequence converging to Ho+Kg iYi g) with 1-st term 

equal to H*{Z{s),^l'^^^^■^). The 2-nd term equals the cohomology of the complex 
{H*{Z{s), d^^') with = d-{q)). It remains to show that 

A C Kerd(''\ A n W'') = 0, r > 1. (3.7) 

All these spaces are subquotients of the subalgebra of g generated by e", e^ 
{i = 1, N), e^" , and % {i = 1, N), the product being equal to This 
is a supercommutative algebra isomorphic to 

C[a;i, xn,T, u; $jv, ^u\/{xiX2 ■ ■ ■ xnT), 
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where we let Xi ~ e'^', u ~ e^", T = e"'^ -Sj^'^ being the corresponding 

grassman variables. (All this is completely analogous to our discussion in the end 
of 2.1.) Formula (3.2a) says that when restricted to this space Borisov's differential 
D coincides with the Koszul differential associated with the sequence Xi—T,u — nT 
{i = 1, ...,N) and our space quickly shrinks to 

C[T]/(T^+i), 

on which (3.7) is obviously true at least when r = 1. If r > 2, then the first part of 
(3.7) is obviously true and the second follows from a simple dimensional argument. 

Before turning to (iii) let us note that a quantum version of this argument gives: 

Aq is a quotient of C[T]/{T^+^ - g^+i-"n"T"). (3.8) 

Indeed, again by definition (as in the end of 2.1), the subalgebra of V^^ ^ generated 
by e"^' {i = 1, ...,N), e^" , and $o (* = ■■n^), is isomorphic to 

C[a;i, XN, T, u; $i, $jv, $«]/(a;ia;2 • • • xnT - q^+^-V), 

and the restriction of D to this supcrcommutative algebra coincides with the Koszul 
differential associated with the regular sequence Xi — T,u — nT {i = 1, N). The 
relation (3.8) follows at once. By the way, the appearance of iV + 1 — n as a power 
of q in (3.8) explains why the condition n < A'^ + 1 was imposed in (3.1). 

Return to the proof of (iii). In this case the quantum coliomology algebra is 
isomorphic to the algebra of functions on an A'^-point set. Because of (ii), Aq 
is isomorphic to C[T]/p{T), dcgp(T) = A^, and, because of (3.8), p{T) divides 
T^~^^ — q^T. The latter has no multiple roots. Hence Aq is also the algebra of 
functions on an A'-point set. 

(iv) follows from the same spectral sequence that was used for the proof of (ii): 
due to (3.6b) iJ*(Z(,s), O^'^^^^o = 'C[x , y] / {x'^ , y'^) and the elements x,y are annihi- 
lated by all higher differentials because on the one hand x,y £ H^{Z{s),il'^^^^,^) and 
on the other hand it is true in general that all d^'^\ r >1, send H^{Z{s), ^^2%)) *° 
0. The rest follows from (3.8), which in this case reads as follows: 

T"* - = 0. 

□ 

Remarks, (i) By Corollary 9.3 of [G], the cohomology class p of a hyperplane 
section satsifies in the quantum cohomology of Z{s) the relation 

= qn"p''-\ 

The amusing similarity between this equality and (3.8) suggests that Aq might 
be equal to C[T]/(T^ - 9^+i-"n"T"-i). 
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(ii) Borisov's suggestion to treat the mirror symmetry as a flip interchanging A's 
and B's seems to be working in our "quantized" situation as well. Compare (3.5) 
with (3.2b) to note that D and Kg are sums over two sets of lattice points defined 
by self-dual condition (3.3). Hence the A — B flip changes D to a similar differential 
to be associated with the mirror partner of Z{s) lying in another toric manifold, see 
the next section. Of course the vertex algebra V^^ bears a certain asymmetry, since 
not all elements of the type e^j njA^-vn^A allowed, but Borisov's "transition to 
the whole lattice" (sec Theorem 8.3 in [B]) and the above spectral sequence seem 
to straighten things out. 



§4. Quantum cohomology of toric varieties 
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Let us briefly explain how the constructions and results of section 2 carry over 
to an arbitrary smooth compact toric variety of dimension N. Each such variety is 
determined by a complete regular fan in La- This and other relevant concepts can 
be defined as follows (see [D, Bat] for details). 

4.1 Let / C La- The cone generated by / is said to be the set of all non- negative 
integral combinations of elements of / and is denoted A/. 

A cone generated by part of a basis of La is called regular. 

A complete regular fan E is defined to be a collection of regular cones {ai,.-.,as} 
so that the following conditions hold: 

(i) If a' is a face of a € S, then a' G S; 

(ii) U a,a' G E, then a Ha' is a face of a; 

(iii) (the completeness condition) La = cti U ... U cr^. 

We skip the construction of the smooth compact toric manifold attached to 
a regular complete fan E referring the reader to [D], but formulate Batyrev's result 

on H^iX^,R), see [Bat]. 

A function (/> : La — > M is called piecewise linear if its restriction to any cone in 
E is a morphism of abelian groups. Denote by PL{T,) the space of all piecewise 
linear functions. 

Let G(E) = {^i,...,^rt} be the set of the generators of all 1-dimensional cones 
in E. Since each piecewise linear function is determined by its values on {i = 
1, n), PL{T,) is an n-dimensional real vector space. It contains the A/'-dimensional 
subspace of globally linear functions; the latter is naturally isomorphic to Ls (8>z ^■ 

Theorem 4.1 ([Bat]) 

H^{Xj:,R) = PL{T.)/Lb K- 



4.2 Let us return to the vertex algebra Vl- Having fixed an arbitrary M- valued 
function (f) on La, we proceed in much the same way as in 2.1. 

Define the linear automorphism 
by the formula 



(4.1) 
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Define Vl,,p to be the vertex algebra equal to Vl as a vector space with the following 
n-th product: 

= t^\U{x » e^^ ® e^^ <^')). (4.2) 

By definition, 

is a vertex algebra isomorphism. This provides us with a constant family of vertex 

algebras parametrized by cf) and we would like to study the behavior of this family 
as (j) tends to oo. For this wc have to impose certain restrictions on (f). 

Following [Bat] , call a piecewise linear function (f> convex if 

<f){x) + (j){y) > <l){x + y) all x,y G La- (4.3) 

The cone of all convex piecewise linear functions descends to the cone in (Xs , M) ~ 
PL{T,)/Lb (8>z see Theorem 4.1. Denote this cone by /sr(S) and its interior by 
K°{T,). K°{T,) consists of classes of all strictly convex piecewise linear functions, 
that is, of all those functions (p for which equality in (4.1) is achieved if and only if 
X and y belong to the same cone in S. 

We sec immediately that 

(i) if ^ is convex piecewise linear, then the operations 

(n),oo4> = lim (n),T4>, n gZ 

^ ' r— >+oo ^ ' 

are well defined and satisfy the Borcherds identities; denote the vertex algebra 
arising in this way by Vl,oo4>', 

(ii) if (j) is strictly convex piecewise linear, then VL,oo<ti is isomorphic to Borisov's 
algebra V^. 

These assertions mean that the family Vl^^ produces a deformation of with 
base equal to the cone of strictly convex piecewise linear functions. It is also 
immediate to see that if ^ — ^' is a linear function, then the two deformations Vl,t(/, 
and Vl,t4>', t equivalent. Therefore we have obtained the family of vertex 

algebras Vl,^, (j) S K°{T,), which is a deformation of with base A'"(E). 

Denote by QH^{X^,R) the quantum cohomology of X^^ as defined in section 5 
of [Bat]. Borisov's differential is as follows 

/N n 
J2^\z){J2{B\^j)e^'{z)), (4.4) 
i=l 3 = 1 

where {^i, is the set of generators of all 1-dimensional cones in S. 



Theorem 4.2 
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Sketch of Proof. First of all, 

(go)' = 0, D^^O, [Qo,D]^0. 

(The first two of these assertions are obvious, the last one is obtained in the same 
way as (2.4).) Hence there arises a spectral sequence completely analogous to the 
one used in 2.4. It converges and collapses: 

Hqo+d{Vl,^) = Hd{Hq^{Vl,^))] 

this is done in exactly the same way as in the proof of Theorem 2.4. 

In part 1) of the proof of Theorem 2.3 the space Hq^-^{Vl.4,) shown to be 
equal to the group algebra M[iyi] extended by grassman variables <I>q (j = 1, N). 
Thus Hq^lVL^tf,) is a Koszul complex, and the restriction of D to this space equals 
the Koszul differential associated with the sequence 

n 

^(B\^,)e«% z = l,...,iV. (4.5) 

Therefore, H £i{HQ^{VL.<j,)) is the corresponding "Koszul cohomology". 

On the other hand, Batyrev defines QH^{X^,1$.) to be the polynomial ring 
R[zi,...,z„] modulo the sum of two ideals denoted P(S) and Q0(S). It follows 
from the proof of cither Theorem 9.5 or Theorem 8.4 in [Bat] that 

M[iA] =K[zi,...,^„]/Q^(S). 

Under this identification, the image of the ideal P(S) in M[£a] is generated by the 
elements (4.5) as follows from the comparison of (4.5) above and Definition 3.7 in 
[Bat]. The ring M[Lyi] is Cohen-Macaulay; hence the sequence (4.5) is regular. □ 
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